Abstract. Analytic foliations in the 2-dimensional complex projective space with algebraic invariant curves are studied when the holonomy groups of these curves are solvable. It is shown that such a condition leads to the existence of a Liouville type first integral, and, under "generic" extra conditions, it is proven that these foliations can be defined by Bernoulli equations.
Introduction
This paper is devoted to the study of ordinary differential equations (O.D.E.'s) y = R(x, y) where R is a rational function in the complex variables (x, y). There are many contributions in this area-the most famous contributors are Cauchy, Darboux, Briot-Bouquet, Boutroux, Hermite, Jacobi, Liouville, Painlevé, Poincaré, Malmquist and many others-and recently some results appeared with new points of view: local and global theory of dynamical systems, and differential fields theory. In this paper we want to give a bridge between these two approaches and to give also a tentative answer to the following question:
Why Note that ω E is well defined up to a multiplicative constant. The singularities of ω E are the points of the set Sing ω E (or Sing E) defined by A = B = 0. The set C 2 − Sing E is naturally foliated by ω E : the leaves are the solutions of ω E = 0; at a generic point (x 0 , y 0 ) the local leaf L(x 0 , y 0 ) passing by (x 0 , y 0 ) is the graph of the local solution y(x) of E with the initial condition y(x 0 ) = y 0 . To describe this foliation it is often convenient to construct a reasonable compactification M E of C 2 − Sing E with an holomorphic extension of our foliation with singularities; in general this compactification appears as a ruled surface. In the classical books concerning elementary theory of O.D.E.'s, the strategy is quasi universal (for example see traditional books as Ince, Valiron or Petrovski). It is important to have in mind this folklore which gives some examples of compactifications M E .
1. Equations with separated variables: E : y = −P 1 (x)/P 2 (y), P i ∈ C(t). The rational form α = P 1 (x)dx + P 2 (y)dy is closed and can be integrated by using the standard decomposition of rational functions; we obtain a first integral F of our
Note that the closed rational 1-form η has simple poles with integral residues. For this type of equation it is natural to consider the compactification PC(1) × PC(1) = M E . Note also that the foliation F E induced by E on M E is transversal to the natural fibrations by horizontal (resp. vertical) lines except along some special horizontal (resp. vertical) lines which are the closures of particular leaves of F E .
Homogeneous equations: E
, f ∈ C(t). In this case Valiron (and others) says: put t = y/x, and in the new coordinates "c'est uneéquationà variable séparée qui peut s'écrire:
here the adapted compactification M E is obtained by blowing up a point (the origin in the affine chart C 2 ) in the projective space CP(2). This space is naturally a fibration (with fibers isomorphic to CP(1)) and the foliation F E is transversal to the fibers except for a finite number of them which are, as above, the closures of particular leaves of F E . As previously the Pfaffian form ω E has a rational integrating factor and an elementary first integral. 
which is a special type of Riccati equation. The foliation induced by E in CP(1) × CP(1) is transversal to the vertical fibration except along a finite set of lines (the poles of A and B). The differential form in the affine space C 2 is of the type
and in general ω E has no rational integrating factor, as in the previous cases. But if we try to compute such an f we see that:
and the closed rational form η = ( dc dx − a)c −1 .dx satisfies:
If we write η = dF F , with F = e r r λ1 1 · · · r λp p , r, r i ∈ C(x), λ i ∈ C, we see that F is an elementary (multivalued) integrating factor of ω E ; in general the λ i 's are not integers.
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Bernouilli equations E : y + A(x).y + B(x).y n = 0, n ∈ N and A, B ∈ C(x). If n ∈ {0, 1, 2} we are in the previous cases; if it is not the case, E appears as a ramification (put Y = y 1−n ) of a linear equation and as a consequence there exists a closed rational form η satisfying ( * ) and E has an elementary first integral. . Valiron says: "Liouville a montré qu'elle ne s'intègre pas en général. . . " The natural compactification here is CP(1) × CP(1) and the above affirmation can be justified by using differential Galois theory applied to the linear differential equation of second order associated to E; this equation is constructed by introducing a new variable z defined by y = − z zA . We shall make all this precise by using Singer's results.
Elementary and Liouvillian extensions.
We consider K 0 = C(x, y) as a differential field with the set of derivations ∆ = ( ∂ ∂x , ∂ ∂y ); an elementary extension K of K 0 is a differential field obtained as follows; there exists a tower of differential fields (K i , ∆ i ), i = 1, . . . , n, such that:
where t i is one of the following 3 types: 4.a. t i is algebraic over
a , ∀δ ∈ ∆, 4.c. there exists a ∈ K i−1 s.t. We now present some results of Singer (see [13] ): Recall that a rational closed 1-form η is of the following type [4] :
The algebraic curves P j = 0 are the poles of η and the λ j 's are the residues of η along P j = 0:
where γ j are small circles around P j = 0. As a consequence the elementary function Let us explain the objective of this paper. Firstly, we start with a dynamical condition on the foliation in CP (2) associated to the O.D.E.; namely, there exists a leaf whose closure is an algebraic curve and whose holonomy group is a nonabelian solvable one. This means that the group is a ramification of a subgroup of Moebius transformations. We raise then the problem of classification of these foliations, which is a natural question since we already know its answer when the holonomy group is abelian. Now the dynamical condition translates to the same condition of Singer's theorem, namely dω E = η ∧ ω E ; a subsequent analysis leads to the strong conclusion (in the generic case) that we are in the presence of a Bernoulli equation. We think this is the reason why such an equation predominates in classical books.
Before ending the Introduction, let us say a word about Liouville's statement of "generic nonintegrability" of Riccati equations E :
and suppose now that there exists a closed rational form η such that:
By Theorem 2, this hypothesis is satisfied if E has a Liouvillian solution. Note that each irreducible component of the divisor of poles of η is a separatrix for the foliation F E associated to ω E . The classical differential Galois theory applied to some adapted second order linear O.D.E. (see above) shows that in general E does not have algebraic solutions (see Kaplansky [7] ). This fact can be proved (see [7] ) also by direct computation (overdeterminated systems) or by geometric arguments involving Tits' alternative [14] and the realization of finitely generated subgroup of the Moebius group as holonomy groups of Riccati equations [8] . This implies that generically the poles of η are vertical lines x = x i so that
Direct computation of dω E and condition ( * ) implies:
and since H is polynomial This fact is well known, but it is interesting to recall it because as we said the condition ( * ) has a dynamic interpretation.
Solvable holonomy groups and foliations
Let us consider a holomorphic foliation F in CP (2) of degree ν ∈ N, ν ≥ 2, such that:
(i) there exists a smooth algebraic separatrix S ⊂ CP (2), along which F has simple singularities p 0 , . . . , p m , one of them at least hyperbolic (by a simple singularity it is meant a local expression as xdy − λydx + h.o.t. = 0; when λ / ∈ R + ∪ {0} we say that the singularity is hyperbolic). (ii) The holonomy group H of S \ {p 0 , . . . , p m } is a solvable group. The group H can be described according to the following two possibilities. -H is an abelian group. Since it contains a hyperbolic attractor by hypothesis, H can be made linear in some appropriate coordinate and therefore it is possible to construct a Darboux integral for F (see [1] ). -H is a nonabelian group. We define for p ∈ N:
Then H is holomorphically conjugated to a subgroup of H p for some p ∈ N (see [5] ); we say that p ∈ N is the ramification order of H (by the way, we remark that any subgroup of H p is solvable). Let us give two examples. (i) Riccati foliations: the algebraic separatrix is a projective line L which we regard as the line at infinity of CP (2) . In affine coordinates (z, w) ∈ C 2 the foliation F 1 of degree ν ∈ N is defined by ω = 0, where
There is also another separatrix L as the line at infinity, whose intersections with L 0 , . . . , L ν , are the singularities of F 1 | L , and the holonomy group H of L \ Sing F 1 is a subgroup of H 1 . In order to see this, we change the affine coordinates to have L as the horizontal straight line {y = 0} and the new line at infinity not invariant for F 1 . Then F 1 is given by the equation
. Besides L, the other separatrices are the vertical lines L k = {x − a k = 0}, k = 0, . . . , ν, and the points (a k , 0), k = 0, . . . , ν, are the singularities of F 1 | L . Since ( * ) defines a foliation of C × C transversal to the vertical lines (except for the separatrices), we see that H is a subgroup of H 1 .
(ii) Bernoulli foliations: Let us fix affine coordinates (x, y) ∈ C 2 and consider the Riccati foliation
where p, P and Q are polynomials as before. If φ denotes the rational transformation of CP (2):
The holonomy group of L \ Sing F p is a p-ramification of a subgroup of H 1 , and therefore it is a subgroup of H p .
It is an open problem to classify the foliations in CP (2) which have an invariant algebraic curve whose holonomy group is solvable. We study here the "generic" case, although the techniques employed seem to be useful in general. There are also interesting results in [11] .
Transverse affine structures
It is well known (see [12] for example) that a foliation defined by a differential 1-form Ω = 0 satisfying dΩ = N ∧ Ω for some closed 1-form N is naturally associated to a transverse affine structure. This fact is used here with some adaptations to be explained now; they are necessary since we deal with meromorphic 1-forms.
Let F be a holomorphic foliation in CP (2), π : C 3 \ {(0, 0, 0)} → CP(2) be the canonical projection. It can be proved that the foliation π * F is defined by an equation Ω = 0 where Ω is a homogeneous polynomial 1-form of some degree ν +1 ∈ N such that i R (Ω) = 0 (R is the radial vector field in C 3 ). In affine coordinates (x, y) ∈ C 2 , the foliation F is defined by a polynomial 1-form (of degree ν+1) ω = 0; the relation π *
Pj , where P 1 , . . . , P l are irreducible homogeneous polynomials such that ξ ∧ Ω = 0 is said to be a Darboux integral of Ω; ξ is projective since i R (Ω) = 0 and ξ ∧ Ω = 0 imply i R (ξ) = 0. We remark that i R (ξ) = 0 is equivalent to l j=1 a j deg(P j ) = 0. Let A be the set of meromorphic 1-forms in C 3 of the type l j=1 λ j dPj Pj , where P j are irreducible homogeneous polynomials in C 3 . When Ω has no Darboux integral, there exists at most one N ∈ A such that dΩ = N ∧ Ω. In fact, if
Now we recall the situation we had in the previous section; the foliation F in CP (2) has a smooth algebraic separatrix S with simple singularities whose holonomy group is conjugated to a non abelian subgroup of H p . The following basic result is due to A. Lins Neto (see Appendix).
Theorem 1.
There exists an unique N ∈ A such that dΩ = N ∧Ω. More precisely,
where
are the separatrices of the foliation given by Ω = 0; P and P j are homogeneous polynomials and
In fact, this theorem is proven directly in CP (2), yielding the following conclusion (affine coordinates (x, y) ∈ C 2 are fixed as above, P (x, y) = P (1, x, y), P j (x, y)
1) there exists a closed meromorphic 1-form η in CP (2) such that dω = η ∧ ω, η can be written as η = (p+1)
where L is the line at infinity (supposed to be not invariant for the foliation), q is any of the singularities in C j ∩ S and ind q (F , S) is the index defined in [2] .
A statement like this in CP (2) is more useful, although η depends on the affine coordinate system. Once we have the 1-form η we proceed as follows to associate to F a transverse affine structure:
2 , outside singularities and separatrices of F : we cover this region R by open sets U ⊂ C 2 where F| U is equivalent to the trivial foliation t∈ΓU D × {t}, where Γ U is a transverse section to F . Then
* (we may assume all the intersections to be connected).
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use 3072 D. CERVEAU AND P. SAD where d U1U2 ∈ C. The collection {(t U , Γ U )} U is the transverse affine structure for F| R (b) in L, outside singularities and separatrices of F : let us use the affine coordinates (u, v) ∈ C 2 where u = x −1 , v = x −1 y; then F is defined by the polynomial equationω = 0,ω = u −(ν+2) ω. From the theorem stated above we may write dω =η ∧ω,η being an appropriate meromorphic 1-form. The relation dω = (η − (ν + 2)u −1 du) ∧ ω follows easily, and we repeat the same argument as in (a). We putη =h
outside the singularities of F : let s ∈ S be a regular point of F, Γ s a transverse section. We may choose a coordinateỹ ∈ Γ s such that η = (p + 1)
in a neighborhood U of s ∈ S where F is trivial; we put f U :=ỹ p+1 , soỹ p(p+1) ω is a closed meromorphic 1-form. Let
s be the complements in γ s of two opposite half lines re iθ0 , re i(θ0+π) , 0 ≤ r ≤ r 0 , and U (1) , U (2) be obtained by saturating Γ (2) , and add to our collection of affine coordinates the elements {t U (1) , Γ
s } s∈S . These coordinates have a special property that will be important for us.
for someĝ ∈ O * Γs , a j , b j ∈ C, j = 1, 2. It follows that the restriction of t U (j) , j = 1, 2, to any sector in Γ Let N ⊂ CP (2) be the set where the construction in (a) and (b) applies, and N its universal covering space, α : N → N the associated projection. The foliation α * F has a holomorphic first integral F ("multiform first integral for F ") defined as follows:
(i) we cover N by the open sets {α −1 (U )} U , U as in (a), (b) and (c), and consider the transverse affine structure given by
(ii) we fix a component of α −1 (U 0 ) with the corresponding point of α −1 (U 0 ) with the corresponding point of α −1 (p 0 ) (p 0 ∈ U 0 ), also denoted by U 0 and p 0 in order to simplify the notation. Letp ∈ N and η p0p be a curve which joins p 0 top. Then we cover η p0p by a sequence
. . etc. It is easily seen that the definition depends on η p0p and on the sequence chosen to cover it (once we have fixed U 0 ).
In the sequel we will fix U 0 = U 0 as one of the components of α −1 (U 0 ) such that U 0 ∩ S = φ (see (c) above).
We present now an application of the existence of the transverse affine structure such as constructed before. Let s 0 ∈ S be a regular point of F, s 0 ∈ ∂U 0 and γ 1 , γ 2 be two closed curves in π 1 (S 1 = S \ {p 0 , . . . , p m }, s 0 ), where p 0 , . . . , p m are the singularities of F along S. Let also h 1 , h 2 be the germs of holomorphic diffeomorphisms associated to γ 1 , γ 2 as elements of the holonomy group H of S 1 defined in a section Γ s0 to S.
We assume that h = id. Then there exists y ∈ Γ s0 such that the sequence {h l (y)} l∈N goes to 0 ∈ Γ s0 as l → ∞ and the elements of this sequence are contained in a sector of small angle centered at 0 ∈ C (since h is tangent to Id). Now we define a first integral F starting from an open set U 0 as in (c) and p 0 = y, according to the construction given above. For n ∈ N, we lift γ n = γ * · · · * γ (n times) to the leaf of F passing through y and get γ n ⊂ N close to S which joins y to h n (y). When we go up to the covering space N , α −1 (γ n ) joins y to some pointỹ n ∈ α −1 (h n (y)); since γ = 1 as an element of π 1 (N, s 0 ), this point belongs to U 0 ∀n ∈ N, so that we may take η yỹn inside U 0 ; therefore we need only to use U 0 to cover η yỹn , which implies F = t U0 in U 0 .
Since F (y) = F (h l (y))∀l ∈ N, it follows that t U0 (y) = t U0 (h l (y))∀l ∈ N, contradicting the injectivity of t U0 in sectors of angle < 2π p .
Partial classification
Let us consider again the examples of §1, and make a few remarks about the singularities of the foliations F 1 and F p (these foliations are presented in affine coordinates (x, y) ∈ C 2 ). In the case of example (i), we may assume that all singularities of F i | L are simple; it is enough to choose λ k / ∈ R + ∪ {0}, k = 0, . . . , ν. The same occurs in example (ii) with relation to the singularities (a k , 0), k = 0, . . . , ν. Now, if ν k=0 λ k = 1, the point at infinity of L is a dicritical singularity of F p , p ≥ 2, although it is a regular point of F 1 . Examples with only simple singularities can be found if we demand 1 − ν k=0 λ k / ∈ R + ∪ {0} and deg(P ) + p < ν, as an easy computation shows. The line at infinity will be also a separatrix of F p , and deg(
In all cases it is important to observe that the intersection point of the vertical separatrices is a dicritical singularity of F p (again an easy computation). Also, this point is not a nodal point for the union of straight lines which are separatrices. Each of the theorems to be stated below emphasizes one of these aspects.
Remark. A dicritical singularity, after a blowing-up, gives rise to a foliation for which the divisor is not invariant.
Let B be the set of foliations in CP (2), with some fixed degree ν ∈ N, ν ≥ 2, such that: 1) any F ∈ B admits some smooth invariant algebraic curve S which contains only simple singularities of F , one at least being hyperbolic, and whose holonomy group is a non abelian solvable group; 2) if q,q ∈ S are different singularities of F , then the indices ind q (F , S) and indq(F , S) are different numbers.
From Theorem 1, we know that in convenient affine coordinates (x, y) ∈ C 2 there exists a closed meromorphic 1-form η such that dω = η ∧ ω, where ω = 0 represents the foliation F ∈ B. Furthermore, the separatrices of F which pass through the singularities of F| S are algebraic curves because they are lines of poles of η; if C is one of these separatrices, then
where q ∈ S is any of the singularities in C ∩ S and p ∈ N is the ramification index associated to the solvable group. Now 2) ensures that #C ∩ S = 1, or equivalently, S and the separatrices of its singularities are all straight lines. Let L(F ) denote the union of these straight lines, transversal to S. If L(F) contains only singular points of nodal type, the fundamental group of CP (2) \ L(F) is an abelian group (this is a particular case of Deligne's Theorem, see [6] ). From Theorem 2 we conclude that the holonomy group of S is abelian, what is not the case (see Remark at §5). Therefore L(F ) contains at least a singular point which is not of nodal type.
Remark. The existence of singular points of L(F ) which are not of nodal type follows also from the results of [3] .
Theorem 3. Let F ∈ B and assume that any straight line in L(F ) contains at most a singular point of L(F ) which is not of nodal type. Then F is a Bernoulli foliation.
Let us define B ⊂ B adding an extra condition:
3) there are no relations of the type p k ε k ind q k (F , S) = n, where n ∈ {−ν,
Since S is a straight line, we may choose affine coordinates such that S becomes the line at infinity and ω = ω 0 +· · ·+ω ν−1 +ω ν , where ω j , 0 ≤ j ≤ ν, are polynomial homogeneous 1-forms and
The singularities q 0 , . . . , q ν of F| S are the intersections of {u − a k x = 0} with S, 0 ≤ k ≤ ν, and ind
Theorem 4. Let F ∈ B and assume that the singularities of F along L(F ) are simple or dicritical singularities. Then F is a Bernoulli foliation.
The reader should notice that Theorem 3 deals with the number of singular points of L(F) which are not of nodal type, whereas the hypothesis of Theorem 4 associates more closely these points to the foliation. Clearly singular points of L(F ) which are not of nodal type cannot be simple singularities of F .
The main point in proving both theorems is to show that all straight lines in L(F ) meet together at the same point. Once this is done, the following argument finishes the proofs. Let S = {y = 0}, q 0 , . . . , q ν be the singularities of F| S and C 0 , . . . , C ν their separatrices, where C k = {x − q k = 0}, k = 0, . . . , ν (since C 0 , . . . , C ν meet at the same point, it is easy to pick up coordinates where they are all vertical lines). Therefore we may write η = (p + 1)
. We see at once, since P is a polynomial, that P (x, y) = c(x − q 0 ) · · · (x − q ν ), for some c ∈ C * (remember that deg P ≤ ν + 1). It follows that Q y − (p + 1) Claim. If q k , q k belong to straight lines in different classes, then γ k * γ k = γ k * γ k as elements of π 1 (N, s 0 ). This is obvious when q k , q k and C k ∩ C k belong to some small neighborhood of C k ∩ C k disjoint from the other straight lines in L(F ) (the fundamental group of the complement of C k ∪ C k in this neighborhood is isomorphic to Z × Z). In general, the configuration of lines in L(F ) can be brought to this particular one through an isotopy of CP (2) starting with the identity (see also [6] ).
As a consequence of this claim, we cannot have more than one class in our partition, that is, l = 1, and therefore the separatrices C 0 , . . . , C ν meet together at the same point. In fact, suppose for simplicity we have two classes F 0 , F 1 . We fix a straight line C ∈ F 0 , to which it is associated a local diffeomorphism h 0 ∈ Hol(S \ {q 0 , . . . , q ν }, s 0 ). The elements of Hol(S \ {q 0 , . . . , q ν }, s 0 ) associated to the lines in F 1 commute with h 0 , by Theorem 2. It follows, since they belong to a subgroup of H p , that they commute among themselves. Reverting the argument, the elements of Hol(S \ {q 0 , . . . , q ν }, s 0 ) which correspond to straight lines in F 1 commute, and also commute with any element that comes from the lines in F 0 . Therefore Hol(S \ {q 0 , . . . , q ν }, s 0 ) is abelian, contradiction.
Proof of Theorem 4
We already know that there must exist some singular point p ∈ L(F) which is not of nodal type; as a singularity of F , this point is necessarily a dicritical singularity. Let us take affine coordinates such that p = (0, 0) and S is the line at infinity; also, if ω = 0 represents A(x, y)dx + B(x, y) dy, where A and B are homogeneous polynomials of degree m ∈ N:
because (0, 0) is a dicritical singularity. Therefore
Remarks.
(1) We pointed out earlier that when the algebraic separatrix S ⊂ CP (2) has abelian holonomy group (also the singularities of F along S are simple and one of them is hyperbolic), a meromorphic integrating factor f can be constructed for the polynomial 1-form ω that defines F . It follows immediately that dω = η ∧ ω where η = df f and ω = P 0 · · · P m m j=0 µ j dPj Pj , where P 0 = 0, . . . , P m = 0 are the equations for S and its separatrices (see [1] ). The multivalued function P µ0 0 · · · P µm m is a Darboux integral for F . The (dynamical) hypothesis "there exists a (transcendental) leaf which accumulates only on the algebraic set P 0 · · · P m = 0" guarantees the commutativity of the holonomy group of S.
(2) We proved that the holonomy group of S is an abelian group when there exists a meromorphic closed 1-form η such that dω = η ∧ ω and (η) ∞ is a normal crossings divisor. Proof. Assume first that λ 0 ∈ N * . Let us consider the affine transversal structure associated to F (the notation is the same as before); let also s 0 ∈ S be a regular point of F . There exists a neighborhood of
for some appropriate coordinate y ∈ Γ, y(s 0 ) = 0. When y ∈ Γ is restricted to a sector V of vertex s 0 , one has
Let h ∈ H 0 , the subgroup of elements of H which are tangent to the identity. Since h is associated to the lifting of a closed curve in S with s 0 ∈ S as base point, we have
.
Letting y → 0 yields A = 1.
The conclusion is: in the sector V , h is given by the translation t V → T V − B. We want to prove that H 0 is abelian. Suppose that h,h ∈ H 0 are such that h 1 = [h,h] = id. The sequence h 2 = [h, h 1 ], . . . , h n = [h, h n−1 ], . . . has increasing orders of tangency with the identity, so that we may eventually find h n with an invariant sector V ⊂ V (h n (V ) ⊂ V ); in V we have h n (t V ) = t V −B for t V ∈ V , so that [h, h n ] = id, contradiction. 
